Calculation of the Coéfficiénts of a Lattice Wave Digital Filter

H.J. Lincklaen Arriéns, June/October 2003 (this revision: October 14, 2003)

This report lists the formulaes to calculate the adaptor coéfficiénts for discrete time lattice wave digital filters
realizing lowpass or bandpass transfer functions. The transfer functions generally consist of a rational function
given by a numerator and a denominator polynomial, given is the time continuous complex variable s. Note that
only odd order lowpass filters can be realized with lattice structures, while bandpass filters should be of even order
(e.g. the order of the denominator should be odd or even, respectively).

The lattice filter itself is realized as the sum (lowpass version, see Figure 1) or the difference (bandpass version,
Figure 2) of two allpass discete time filter sections. In the lowpass version, one of the sections is a cascade of a first
order allpass section, all or not augmented with 2nd order all pass sections, while the other arm is built with 2nd
order allpass sections only. The bandpass version consists of 2nd order sections in both arms.

It is assumed that stopband notches are integral parts of the transfer function, which means that their frequencies
influence the approximation method used to obtain the description of the passband. Numerator and denominator
polynomials thus are not independant from each other (this excludes e.g. a bandpass filter with cascaded separate
notch filters).

For obtaining the coéfficiénts ~, of a lattice wave digital filter structure, only the denominator polynomial will be
needed. More in detail: the roots of the denominator polynomial in the time-continuous domain.
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Figure 1: Block diagram of a Lattice WDF representing a 5th order lowpass filter.



Derivation of the ~’s from the roots of g(s)

f(s)

Suppose H(s) = ——= describes a lowpass filter function. Then, since the filter order N is odd, we can write

9(s)

Numerator Polynomial
(N-1)/2

(s—p0) ] (s—p)s—p0)

i=1

H(s) = with p; = o, + jyi, Pi = 5 — jyi

For the single real root pg, we need a first order all pass section with

11—
Yo = 14 bo

where by = sign(bg) - po

with  sign(by) = —1, exceptfor N =1+n-4 (n=1,2,3,...), for which N’s sign(by) = +1

The complex conjugated roots can be realized with second order all pass sections. If we write
(s—pi)(s—Di) =8> —a;is+b;
pi = real(p;) & j imag(p;)

then

a; =2 - |real(p;)|
Note: since the roots are situated in the negative half plane, we need the absolute value here

by = {real(p;) }*+ {imag(p;) }*

This results in

7ai*bi71

T2i-1 = a; +b; +1
1,
V20 = 1+ b;

Now -y, together with 5,7, and ~-,vs etc. constitute the upper arm, while
1,72 and 5,74 etc make up the lower arm of the lattice structure.
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Figure 2: Block diagram of a Lattice WDF representing an 8th order bandpass filter.

For even order bandpass filters, H(s) can be described with

Numerator Polynomial
N/2

[IGs—pi)(s—pp)

i=1

H(s) =

Here we only have to deal with the complex conjugated roots, thus
(s —pi)(s—D;) = s> —a;s+b;

The results also will be

_ai—bi—l

T T A 1
1o
V2i = 1+0b;

The upper arm consists of the cascade of ~,,v, and ~5, v, etc, with
Y374 and y-,yg inthe lower arm.



Reconstruction of H(z) when ~’s are given

L . . - . 2z—-1, .
Since it can be derived that using the bilinear transformation s = T% (with T = 2)

. _ B—z!
Ha(s) = 7 translates into  H,(2) = T—p—
and
& —as+b ) —A—Bz 14272
Hy(s) = 5————— transhatesinto  H(z) = —F———

24 as+b

we can write for the transfer function of the lowpass filter (V is odd) in the discrete time domain:

Hl(z) + HQ(Z)

H(z) = 2
in which
1 (N=1)/2 _ _
_BO_Zl —Ai—Bizl—i-zQ .y
Hi(2) = 1— Bol 11 [ B 1A, Torevendsonly
(N=1)/2 I
—A,—Biz7 "+ =z
Hy(z) = H L — for odd i’s only
i1 1-— BZZ — AZZ
with
By =,
Ai =721

Bi = v9;(1 = v9i_1)

For a bandpass filter (V is even), we obtain:

Hi(2) — Ha(2)

H(z) = =55
N/2 _ _
—A; — Bz 1+2’2 .
Hi(z) =[] TRy vy e for odd i’s only
i=1
s —A;—Biz7 4272
Hy(z) = Bl A7 for even ¢’s only
i=2
with
Ai =721

Bi = v9;(1 = v9;_1)



Appendix

For two port adapters, the following equations hold
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Figure 3: First order Wave Digital allpass section.

For the circuit in Figure 3, with a delay element between output Bs and input A,, it can be derived that
By = —vA; + (1 4+ 7)As,
By =(1—7)A; +vA,, and
As =271By

from which follows that

B 4zt
Al 11—zt

that is, the transfer function of a first order allpass section in the discrete time domain.



Figure 4: Second order Wave Digital allpass section.

For a setup as in Figure 4, we can find that

Bl _ —71 1+ Y1 Al

By =y m Ay

By | _ | =72 147 As

By L=, Y2 Ay
with Ay = Bs, while A3 = Z_1B2 and A, = Z_lB4
This leads to

Bi ===yt 42
At 1=yl =)zt =272

what can be recognized as the transfer function of a second order allpass section in the discrete time domain.



